In this study, we propose a nonlinear model-following control for underactuated systems. A model-following control design is based on the virtual constrains. The concept of virtual constraints control proposed by Shiriaev et. al. The model-following control is useful to realize the tracking system to a given reference model. In underactuated systems, a modelfollowing control for fullactuated systems cannot be not utilized because there are limitations of coordinate transformation such as exact linearization. Thus this study deals with underactuated mechanical nonlinear systems. The design strategy is explained by taking a cart-pendulum as an example for this study. A cart-pendulum is controlled so that a virtual spring-mass-damper property is implemented to a pendulum. Some numerical simulations are performed to verify the effectiveness of the proposed method.
INTRODUCTION
Mechanical systems with many functions have been developed in recent years, and these systems work well in various areas. The manipulator is a typical example of such mechanical systems. Manipulators are utilized in so many factories as industry robots. One of important motions of a manipulator is to touch the external environment, and the impedance control is often used to avoid the destruction of the external environment by applying excess forces. The manipulator with the impedance control can behave as mass-spring-damper systems, and can realize soft touching. In order to improve the adaptivity and the flexibility, some control methods utilizing the virtual impedance between a manipulator and the external environment before contact have been proposed in Tsuji and Kaneko [1999] , Tsuji et al. [2004] . If virtual characteristics are added to mechanical systems, various functions can be realized.
When desired virtual characteristics are implemented to some mechanical systems, the virtual characteristics are realized if the orbit of a target system follow the orbit of a reference system. In order to realize such control law, a model-following control is effective. Most of mechanical systems are nonlinear systems. Moreover, these systems may be underactuated systems. Particularly, in underactuated systems, a model-following control for fullactuated systems cannot be not utilized because there are limitations of coordinate transformation such as exact linearization.
Therefore, in this paper, we propose a nonlinear modelfollowing control for underactuated system. In this study, we took a hint from the virtual constraint approach proposed by A. Shiriaev et al. [2005] , Shiriaev et al. [2006] . The virtual constraints control is a control method in which the orbit of a system should satisfy the given virtual constraints. A. Shiriaev et al proposed a stabilization control for underactuated systems. In the case of stabilizing a pendulum, an orbit of a pendulum is constrained to a limit cycle by using virtual constraints control. In other control methods which can attach virtual conditions to a target system, a control method which uses Controlled Lagrangian (A.M. Bloch et al. [2003] , M. Kinoshita et al. [2006] ) is proposed.
In our study, a virtual system can be considered as a reference model. A real system is a target system which is controlled. To track the output of the real system to the output of the virtual system , we introduce virtual holonomic constraints which denote the output of a real system and the output of a virtual system are coincident. These constraints are realized by designing control inputs which make the output of a real system and the output of virtual system coincident. An augmented system such as a model-following controller proposed by K. Komiya and K.Furuta [1982] is utilized in designing control inputs.
The model-following controller requires both model of the real system and the reference virtual system, and then the Projection Method is useful to derive these models. The Projection Method is a powerful modeling method, and we can find many works on the Projection Method in the literature: Blajer and Arczewski. K [1996] , Blajer [2001] , Ohata et al. [2004] , Blajer [1992] , Blajer [1995] , H. Ohsaki et al. [2007] . The Projection Method takes the physical constraint conditions among sub-systems composing the entire system into account explicitly. The united model of the sub-systems can be derived by some algebraic calculations based on the described constraint conditions. Thus, the Projection Method permits us introducing virtual characteristics such as virtual forces easily. This paper is organized as follows. In the preliminary section, the Projection Method is summaries briefly. The next section outlines virtual constraints control proposed by A.Shiriaev briefly. After that, a nonlinear model following control for underactuated systems is shown in the section 3. To verify the effectiveness of the proposed method, some numerical simulation are performed. Finally, we give some remarks in the conclusion.
PRELIMINARY
This study focuses on a type of the model-following control for nonlinear underactuated mechanical systems. The model-following controller requires both model of the real system and the reference virtual system. This section outlines The Projection Method.
The Projection Method is a powerful modeling method, and many studies on the Projection Method can be found nowadays (K.Watanabe et al. [2007] , S. Terashima et al. [2003] ). The Projection Method has the advantage that it can derive both the equations of motion and internal constrains of systems. This advantage allows us deriving easily a model which has virtual characteristics such as virtual forces.
The outline of the modeling procedure based on the Projection Method is summarized as follows:
(1) Set the coordinate system. 
VIRTUAL CONSTRAINTS CONTROL
In this study, we utilize virtual constraints control proposed by A.Shiriaev et al. We explain a control method for realizing virtual holonomic constraints to a system.
A motion equation of general mechanical systems is represented by (1).
(1) where the dimension of generalized coordinates q is n. M (q), C(q,q), G(q) are appropriate dimensions. And the dimension of inputs u is n − 1 which is fewer than the degree of freedom of a system by one.
Then, defining new independent variable θ, (2) defines virtual holonomic constraints which is worked to the system (1).
By defining new variables y 1 , · · · , y n , the errors between virtual holonomic constraints and generalized coordinates are defined as
(3) Then, introduce new coordinates y as follows:
q n can be represented by
so one and two differentiation of generalized coordinates q can be represented by one and two differentiation of new coordinates y.q andq are shown in equations (6)(7) respectively.q = Lẏ (6)
where
A motion equation shown in (1) can transform to a motion equation (11) by using the relations (6)(7). ((q) and so on are abbreviated) (13) is obtained.
Thus, when a control input u is defined following equation :
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equation (13) can be written in partly linear form (15).
(15) Therefore, virtual constraints are realized to the system by using the state feedback which [ỹ,ẏ] converges to 0.
VIRTUAL CONSTRAINT BASED MODEL-FOLLOWING CONTROL FOR NONLINEAR SYSTEMS
A model-following controller based on the concept of virtual constraints is shown in this section. the modelfollowing control is a control method which makes outputs of the real/reference system coincident. The reference system is considered as a virtual system in this paper.
The virtual system has virtual characteristics which should be implemented to the real system. the controller shown in this paper requires that all states of the real system are known. The model-following control is realized by designing control inputs which make the outputs of the real/reference system coincident. An augmented system which consists of the real system and the virtual system is utilized to design the control inputs which make virtual constraints which denote the outputs of the real/reference system are coincident.
Augmented system which consists of the real system and the virtual system
We utilize the state dependent riccati equations proposed by J.R. Cloutier [1997] , Cloutier and Cockburn [2001] for designing the control inputs. The state dependent linear representation is required to represent the real system and the virtual system.
A state dependent linear representation of the real system which is written by (16) is (17).
Similarly, a state dependent linear representation of the virtual system is (18).
where x a , x m , u a , u m , y a , y m are the state , the input and the output for the real system and the virtual system respectively.
Then, an augmented system which consists of the real system and the virtual system is defined as (19).
The virtual constraints which coincide the output of the real system and the virtual system
The augmented system written by (19) consists of the real system and the virtual system. Thus, if the real system is constrained virtually so that the output of the real system and the output of the virtual system are coincident, the output of the real system follows to the output of the virtual system. The virtual constraint can be obtained as (20) by the output equations of the real system and the virtual system.
Transform to error coordinates
Error coordinates are defined as (21).
If C a (x a ) is the column full rank matrix, the state x of the augmented system can be transformed to a new state
T which includes the virtual system state x m and error coordinates . This transform can be represented as follows using pseudo inverse matrix of C a (x a ).
In a similar way , a transform equation betweenẋ andż is represented as follows.
If C a (x a ) is not column full rank matrix, the state x should be divided as observable state x a2 and non-observable state x a1 . A state transformation equation can be obtaind by using the divided state.
The output of the real system can be reprensed as follows.
When the new state z is defined as z = [x a1 , , x m ] T , the transform equation between x and z is represented as follows.
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Control design
The state x of the augmented system represented by (19) can be transformed to the state z which includes error coordinates by using the state transformation equations shown in former subsection. Thus, following equation is obtained.ẋ
Then, (33) can be rewritten aṡ
IfB 11 (x) is row full rank matrix, the input u a for the real system can be defined as
IfB 11 (x) is not row full rank matrix, a following term is treated as a disturbance.
(41) Then, the input u a for the real system can be defined as u a =ū a .
(42) Thus, (39) can be rewritten as ⎡
The error coordinates have to converge to 0 so that the virtual constraints represented by (20) are effected to the augmented system (43). Thus, in order to derive the input for the real system, a following evaluation function is introduced.
R is a weight matrix for the input. Q is a weight matrix for the state and can be represented as
The input which makes (44) minimum is given as followinḡ
11 (x)P 1 2(x).
(48) And P 11 (x) , P 12 (x) are positive definite symmetric matrix and satisfy following equations.
Therefore, the input of real system can be derived by (40) and (46).
Zero dynamics
If the control input for the real system makes the virtual constraints (20) invariant, the state x a1 which is not transformed to error coordinates has zero dynamics.
If x a1 is represned aṡ
then the zero dynamics can be represented aṡ
SIMULATION AND VALIDATION
A Simulation is presented to verify the effectiveness of the proposed method. In a simulation shown in this section, the real system is the cart-pendulum system which is a underactuated nonlinear system. And the virtual system is the spring-mass-damper system. In this simulation, we design a controller so that the angle and angular velocity of the cart-pendulum system are coincident with the output of the virtual system. The parameters which are utilized in the simulation are shown in table.5.
The real system and the virtual system used in simulation
The state dependent linear representation of the cartpendulum system is shown in following.
The state space representation of the virtual system is shown in following.
Then, a virtual constraint which makes the output of the real system and the output of the virtual system coincident is represented as where
In order to utilize the state transformation equation which is shown in (27) and (29), the state of the real system is required to be transformed by using the following state transformation matrix. The state transformed real system is utilized for designing a controller. 
Simulation result
In this simulation, the initial condition of the real system is x a (0) = [0, 0, 0, 0] T , the initial condition of the virtual system is x m (0) = [0. 5, 0] T . The control interval is 20[msec], And we utilize the following input for the virtual system.
The weight matrices which used in (44) are
The simulation results are shown in Fig.1.2 .3 In Fig.1 and 2, the blue line is the trajectory of the virtual system. The green line is the trajectory of the real model. Fig.1 and Fig.2 show that the angle and angular velocity of the pendulum can track the position and velocity of the virtual model almost perfectly.
Zero dynamics of a cart
If the feedback input makes the virtual constraints invariant, following relations are obtained by (60). 
Then, if the position and velocity of the virtual system which is the spring-mass-damper system are stabilized to 0 , zero dynamics of a cart is represented as following
where m c , m p , c c are positive constant. Thus, (67) is stable.
If a motion of the virtual system is around an origin, the time response of the spring-mass-damper system is represented as 
CONCLUSION
This paper presents a model-following control of underactuated nonlinear systems based on virtual constraints. To realize the virtual characteristics, the control method lets the output of the real system follow the output of the virtual reference. The Projection method can be utilized for the derivation of models of the systems which has which has virtual characteristics. These control system design has been explained by using a cart-pendulum system as an example of this study. Some numerical simulations have been performed to confirm that the real system tracks the virtual system , and the effectiveness has been verified.
